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In this note, the Jacobsthal sum, x,‘: :‘, (I(.? + r)/p), with p z 1 (mod 4) and 
(r/p) = 1, will be evaluated by elementary methods using an examination of the dis- 
tribution of quadratic residues and nonresidues in the sequence 1, 2, 3,....p- 1. 
t’ 1986 Academic Press. Inc. 
Let p be a prime = 1 (mod 4) and let S(k) denote the Jacobsthal sum, 
I”,:: (x(.x’+k)/p), where (r/p) denotes the Legendre symbol. As in Cl]‘, 
the integers 1, 2, 3,..., p - 1 will be decomposed into cells as follows; these 
integers are partitioned into on array according to whether the consecutive 
integers are (or are not) quadratic residues modulo p. For example, for 
p = 13, the quadratic residues modulo 13 are 1, 3,4,9, 10, 12; hence, the 
array is 
1 2 3,4 5, 6, 7, 8 9,lO I1 12. 
In this note, properties of this decomposition will be investigated, which 
will lead to a new way to evaluate S(r) with (r/p) = 1. For other methods of 
proof and related topics, see, e.g., Jacobsthal [2], Whiteman [3,4], and 
Berndt and Evans [S]. 
Furthermore, as in [l], the following are defined; a singleton is an 
integer in a singleton cell, e.g., 2; a left (right) end point is the first (last) 
integer in a nonsingleton cell, e.g., 5 (8); and an interior point is an integer, 
not an end point, in a nonsingleton cell, e.g., 6. 
In addition, the following notation will be used; s, e, and i will denote 
the numbers of singletons, left end points (or right end points), and interior 
points, respectively. For example, for p = 13, s = 4, e = 3, i = 2. 
‘This note is self-contained in that all necessary properties of the decomposition will be con- 
sidered in this note. The article [ 1] is cited for those readers who may be interested in 
additional results. 
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Quadratic residue and quadratic nonresidue will be denoted by qr and 
qnr, respectively. The subscript r (n) will be used with s, e, and i to denote 
the appropriate number of quadratic residues (nonresidues). For example. 
for p = 13, s, = 2, e, = 2, i, = 0, ,s,, = 2, e,, = 1, i,, = 2. 
LEMMA 1. The decomposition into cells is s?~mmetric. 
Proof: Since p = 1 (mod 4) x is a qr if and only if p - .Y is a qr. 
LEMMA 2. There are (p + 1)/2 cells in the decomposition, and s = i+ 2. 
Proof: As x + x 1 (mod p) is a bijection on 1, 2,..., p - 2 we have 
In the sum C”,=f (X(,X + 1 )/p), there are (p - 3)/2 plus ones and (p - 1 )/2 
minus ones, since there are p- 2 terms with one more minus than plus. 
Now, (x(x + 1 )/p) = - 1 if and only if x is in one cell and .Y + 1 is in the 
next cell. Thus, there are (p - 1)/Z + 1 = (p + 1)/2 cells. 
In addition, this implies that s + e = (p + 1)/2, since each cell consists of 
a singleton or has an end point. 
Now, (.X(X + 1)/p) = 1 if and only if .X and x + 1 are in the same cell. 
Hence, x must be a left end point or an interior point of a cell, and so 
e + i = (p - 3 )/2. The two identities yield s = i + 2. 
LEMMA 3. For p = 1 (mod 4), the folloning are identities: 
(1) e,+s,=(p-1))/4 ande,+s,=(p+3)/4. 
(2) i,=s,-2 and i,,=s,,. 
Proof: For (1); each cell consists of a singleton or has an end point. 
Since 1 and p - 1 are both qr, the decomposition begins and ends with a 
cell of qr’s. Hence, the number of cells containing qr’s is one more than the 
number of cells containing qnr’s. The conclusion follows from the fact that 
there are (p + 1)/2 cells. To prove i, = s, in (2), it is sufficient to establish 
that a is a qnr singleton if and only if a’, the multiplicative inverse of a, is a 
qnr interior point, noting that a and a’ are neither 1 nor p - 1. This is clear 
as 
(y-l)= 1, (5) = -1, (?+) =l, 
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(y-1, (g-1, (g-1. 
Since s = i + 2 (Lemma 2) and i,, = s,,, we have 
i, = s, - 2. 
LEMMA 4. For p = 1 (mod 4), 
S( - 1) = 4(s, - s,,) - 2, if p- 1 (mod8), 
=4(s,-s,)-6, if p=5 (mod8). 
Proof: S( - 1) can be expressed as C”,:: (X(X + 1 )(x + 2)/p). Now, an 
examination of S( - 1) shows that a term in the summation will be positive 
when x + 1 is either a qr singleton, a qnr left or right end point, or a qr 
interior point. Similarly, the term will be negative when x + 1 is either a 
qnr singleton, a qr left or right end point, or a qnr interior point. 
Now define A and B as follows: 
A = s, + 2e,, + i, 
=r.+2(+.L)+(~~-2); 
and 
B = s, + 2e, + i, 
using Lemma 3. 
using Lemma 3. 
Using the above determination as to when a term is positive or negative, 
S( - 1) is almost equal to A - B. In the case p = 5 (mod 8), we must sub- 
tract 2 from A since 1 and p - 1 are singletons counted in s, which do not 
appear in the sum (a result of the fact that 1 and p - 1 are qr and 2 and 
p - 2 are qnr). Similarly, in case p c 1 (mod 8) we must subtract 2 from B 
since 1 and p - 1 are quadratic residue left and right end points, respec- 
tively, which do not appear in the sum (a result of the fact that 1 and p - 1 
are qr, and, in addition, 2 and p - 2 are qr). Finally, incorporating these 
changes with the appropriate + 2 to A - B = 4(s, -s,) - 4, the conclusion 
follows. 
The following result is due to Jacobsthal [2]. 
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LEMMA 5. Let r(n) he a qr (qnr ) qf’ the prime p = 1 (mod 4). Then 
(zE!‘+(y2=,, 
where S(r)/2 and S(n)/2 are integers. 
It is well known that p is uniquely expressed as the sum of squares of 
two integers (other than with a change in sign, or an interchange of the 
two integers), and that these two integers are of opposite parity. 
THEOREM. Let p E 1 (mod 4) with p = a’ + h’, where a is odd and b is 
even. Replacing a by -a, if necessary, we ma)) suppose that a = - I (mod 4). 
Then,for (r/p)=l, say r-u’(modp), 
S(r)= z 2~. 
0 
Proof: As there are an even number of integers decomposed into cells, 
the symmetry from Lemma 1, guarantees that the middle cell cannot be a 
singleton, and thus s, and s, are both even. Now, by Lemma 4, S( - 1)/Z is 
odd, and so by Lemma 5, we have 
S(-1)/2= fa. 
Then, from Lemma 4, we have 
s-s,=(+a+1)/2 ifp = 1 (mod 8), 
=(+a+3)/2 ifp= 5 (mod 8). 
As s, - s, = 0 (mod 2) and a = - 1 (mod 4) we must have 
s, -s, = (a + 1)/2 if p 3 1 (mod 8 ), 
=(-a+3)/2 if p = 5 (mod 8 ), 
giving 
S(-1)= +2a ifp = 1 (mod 8), 
= -2a ifp = 5 (mod 8). 
It is shown in [2] that 
S(l)= ; ‘s-l) 
0 
where rz = - 1 (mod p), 
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S(l)=24 
=(-l)(P-1)/4= +l ifp E 1 (mod 8), 
=- 1 ifp= 5 (mod 8). 
The theorem now follows using the result 
S(u’)= ; S(1). 
0 
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